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 Abstract. A ballistic ring in presence of collinear dc and high-frequency electric 
fields is considered. A possibility is demonstrated of the system switching between two 
states by changing the strength of dc and/or high-frequency field. It leads to hysteretic 
behavior of the ring dc dipole moment as a function of the dc electric field. 
 
 
It was shown [1 – 5] that quasi-one-dimensional ballistic rings can display nonlinear 
electrodynamical properties. The cause is that electrons in ring can move only along the ring 
circumference, whereas tangential component of the force driving the electrons depends on 
the electron position in the ring by nonlinear way. Such "geometrical nonlinearity" leads to a 
number of nonlinear electrodynamical effects, such as nonlinear scattering, absorption and 
emission, as well as generation of higher harmonics and dc component [1 – 5].   
 In the present work, we consider a situation where two, namely, dc and high-
frequency collinear electric fields affect the ballistic ring. A possibility will be demonstrated 
of the system switching between two states by changing the strength of dc and/or high-
frequency field. Such a situation looks as a nonequilibrium phase transition driven by electric 
field. 
 Consider an electron in a quasi-one-dimensional ring, i.e., in an annular quantum well 
confined with two concentric circular potential barriers (or in a quantum wire closed as a 
ring). The ring width d is much smaller than its radius R, so that the confinement takes place 
only across the well width, while the electron motion along the ring circumference is 
classical, but ballistic one, i.e. the electron moves without collisions (the ring radius is small 
in comparison with the electron mean free path but large in comparison with the electron de 
Broglie wavelength). The ring is placed in a uniform dc electric field E parallel to the ring 
plane (between the plates of a parallel-plate capacitor); the screening length is large in 
comparison with d so that the а uniform field affects the electrons in the ring. A high-
frequency electric field ( ) tt ω= cos0FF  induced by a linearly polarized electromagnetic 
wave that propagates along the normal to the ring plane affects the electrons, too. The 
frequency ω is assumed high in comparison with the electron collision frequency.  
 Since the electrons in the ring can move only along the ring circumference, the 
driving tangential force takes form ( ) ( )( ) φ+=φ sin, tFEtf , where the angular coordinate φ 
is counted off from the field direction.  
 The electron motion under action of the fields is described by a nonlinear equation 
 ( ) 0sincos02
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=φω++φ tFE
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where e and m are electron charge and effective mass, respectively. 
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 Equation (1) coincides with the equation of motion of a pendulum with suspension 
point vibrating with frequency ω along vertical direction. A number of consequences follow 
immediately from that fact (see [6, 7]): 
1) under  
 ω≡γ<≡Ω>>ω mR
e
mR
e
2
0FE      (2) 
conditions, an additional stable equilibrium point φ = π appears (besides the 
 usual one φ = 0); 
2) under Ω<<εε+Ω=ω ,2  conditions, parametric resonance occurs in 2γ<ε  
range; 
3) a route to a dynamical chaos regime is possible with suitable parameter choice.   
 
  Using the averaging method [6] under conditions (2), we obtain an equation of slow 
electron motion averaged over the high frequency ω  
 0cossinsin 22
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=ΦΦγ+Φ+Φ
mR
eE
dt
d ,    (3) 
where Φ is angular coordinate averaged over high frequency which describes the slow 
motion. 
 The equation (3) corresponds to the motion in an effective potential  
 ( ) Φγ−Φ−=Φ 22 cos
2
1cos
mR
eEU .     (4) 
 Once more analogy may be used here: the dimensionless energy U(Φ) has the same 
angular dependence as the energy of a single-domain ferromagnet with uniaxial anisotropy in 
external magnetic field H collinear to the anisotropy axis [8]: 
 ( ) Φ−Φ−=Φ 2coscos KMHU ,     (5) 
where M is saturation magnetization, K is anisotropy energy density, Φ is angle between the 
magnetization and external magnetic field vectors. 
 The first term in the right-hand side of Eq. (4) corresponds to the Zeeman energy in 
an external magnetic field, while the second one describes the anisotropy energy. Therefore, 
electric behavior of the ballistic ring under changing dc electric field should be analogous to 
magnetic behavior of the ferromagnet under changing external magnetic field, including the 
hysteresis phenomenon.  
 The potential (4) as a function of Φ has two minima at γ<Ω  and one minimum at 
γ>Ω ; at Ω = γ one of the minima disappears by transformation to an inflection point. At 
γ<Ω  and 2
2
0
2
ω<< m
FekT , an electron placed in one of the wells of the two-well potential 
cannot leave it even if the other well is more deep. The electron stays in that metastable state 
until the well disappears and the electron is to go to the rest well.  
 In absence of the dc electric field, the electrons in the ring distribute between two 
potential wells of the averaged potential induced by the high-frequency field. Turning on the 
dc field parallel to the high-frequency field leads to changing relative depth of the wells. At 
cEmR
eFE ≡ω> 2
2
0
2
, only one of the wells remains, in which all N electrons present in the ring 
get together. The ring dipole moment is NeR in that state. Under decreasing dc field down to 
zero and further to cE− , the well with electrons disappears and the electrons go to another 
well centered at the opposite end of the ring diameter. The ring dipole moment changes 
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polarity abruptly and becomes equal to NeR− .  Therefore, dependence of the ring dipole 
moment on dc electric field in presence of collinear intense high-frequency field takes form 
of rectangular hysteresis loop (see figure).  
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